Abstract. In this paper, we study the maximal dimension α(L) of abelian subalgebras and the maximal dimension β(L) of abelian ideals of m-dimensional 3-Lie algebras L over an algebraically closed field. We show that these dimensions do not coincide if the field is of characteristic zero, even for nilpotent 3-Lie algebras. We then prove that 3-Lie algebras with β(L) = m − 2 are 2-step solvable (see definition in Section 2). Furthermore, we give a precise description of these 3-Lie algebras with one or two dimensional derived algebras. In addition, we provide a classification of 3-Lie algebras with α(L) = dim L − 2. We also obtain the classification of 3-Lie algebras with α(L) = dim L − 1 and with their derived algebras of one dimension.
Introduction
The notion of n-Lie algebra was introduced in [1] . Motivated by some problems of quark dynamics, Nambu [2] introduced an n-ary generalization of Hamiltonian dynamics by means of the n-ary Poisson bracket (1.1) [f 1 , · · · , f n ] = det ∂f i ∂x j .
It was noted by some physicists that the n-bracket (1.1) satisfies equation (2.2) . Following this line, Takhtajan developed systematically the foundation of the theory of n-Poisson or Nambu-Poisson manifolds [3] .
n-Lie algebras are a kind of multiple algebraic systems appearing in many fields in mathematics and mathematical physics. Specifically, the structure of 3-Lie algebras is applied to the study of the supersymmetry and gauge symmetry transformations of the world-volume theory of multiple coincident M2-branes; the Bagger-Lambert theory has a novel local gauge symmetry which is based on a metric 3-Lie algebra; the equation (2.2) for a 3-Lie algebra is essential to define the action with N = 8 supersymmetry. The n-Jacobi identity can be regarded as a generalized Plucker relation in the physics literature [4, 5, 6, 7, 8] .
Note that there are many essential connections between Lie algebras and 3-Lie algebras. The maximal dimension of abelian subalgebras and the maximal dimension of abelian ideals of a Lie algebra are important invariants for many subjects in Lie theory. For example, they are very useful in the study of contractions and degenerations of Lie algebras, and there is a close connection between these invariants and discrete series representations of the corresponding Lie groups [9, 10, 11, 12, 14] . There is evidence of applications in dealing with powers of the Euler product [13] .
In this paper, we study the maximal dimension α(L) of abelian subalgebras and the maximal dimension β(L) of abelian ideals for 3-Lie algebras L. In addition, we describe the structure 
Throughout this paper, all algebras are finite dimensional and over an algebraically closed field F of characteristic zero. Any bracket that is not listed in the multiplication table of a 3-Lie algebra or a Lie algebra is assumed to be zero.
Fundamental notions
An n-Lie algebra is a vector space L over a field F on which an n-ary multilinear operation [, · · · , ] is defined satisfying the following identities
where σ runs over the symmetric group S n and the number τ (σ) is equal to 0 or 1 depending on the parity of the permutation
In particular, the subalgebra generated
0, then I is called an abelian ideal. An n-Lie algebra L is said to be simple if L 1 = 0 and it has no ideals distinct from 0 and L.
If an ideal I is an abelian subalgebra of L but is not an abelian ideal, that is, [I, · · · , I] = 0,
An ideal I of an n-Lie algebra L is called s-solvable [16] , 2 ≤ s ≤ n, if I (k,s) = 0 for some k ≥ 0, where I (0,s) = I and I (k+1,s) is defined as An ideal I of an n-Lie algebra L is called nilpotent, if I s = 0 for some s ≥ 0, where I 0 = I and I s is defined as
The subset
The following lemmas stating some existing results in the literature are useful in the rest of the paper. 
Let L be a non-abelian 3-Lie algebra, denote by α(L) the maximal dimension of the abelian subalgebras of L and β(L) the maximal dimension of the abelian ideals of L. It is simple to 
We extend them into a basis
On the other hand, for every independent vectors x 1 , x 2 ,
Example 3.2. Let L be a 4-dimensional 3-Lie algebra with a basis x 1 , x 2 , x 3 , x 4 and the multiplication below
Proof. It suffices to prove that if L has an abelian ideal of codimension 1, then L is an abelian 3-Lie algebra. Let I be an abelian ideal of L with codimension 1.
where x is not contained in I and [I, I, L] = 0. We obtain that L 1 = 0, since
This is a contradiction, which completes the proof.
Proof. From the condition given in the Lemma, we have L = I+ F x 1+ F x 2 , where x 1 , x 2 are linearly independent and are not contained in I. Then
and J 0 is a 2-step solvable Lie algebra with β(J 0 ) = dim J 0 − 1.
completely determined by the category of (m − 1)-dimensional 2-step solvable Lie algebras J 0
is an ideal of L 0 with the maximal abelian ideal I 0 = I (as vector spaces) and
Denote by I 0 a maximal abelian ideal of J 0 with codimension 1 and let
Then L is an m-dimensional 3-Lie algebra [1] and
and L is an m-dimensional 2-step solvable 3-Lie algebra. 
Then L is a nilpotent 3-Lie algebra; A = F x 1+ F x 2+ F x 4 is a 3-dimensional hypo-abelian ideal of L and I = F x 1+ F x 4 is a maximal abelian ideal with the maximal dimension. Note 
Proof. Thanks to Lemma 3.2, L 1 is contained in the abelian ideals with codimension 2.
Then we can suppose It is clear that case (a 1 ) is not isomorphic to (a 2 ). It follows that dim Z(L) = m − 3.
and L is isomorphic to one and only one of the following possibilities:
Without loss of generality, we assume x 4 , and then replacing
Without loss of generality, we assume that
If µ 2 = 0, then λ 2 = 0 and µ 3 = 0. Taking a linear transformation on the basis
by replacing x 1 with µ 3 λ 2 x 1 , replacing x 2 with λ 3 x 1 + µ 3 x 2 , and then replacing x i with 
is not isomorphic to case (b 3 ) since the latter is nilpotent.
We claim that dim A 1 = 2. If dim A 1 = 1, we may assume that [
. This is a contradiction. Therefore, A is a 4-dimensional 3-Lie algebra with dim A 1 = 2. By Lemma 2.1, A is one and only one of the following possibilities 
(1) If L has an abelian subalgebra with codimension 1 that is not an ideal, then dim L 1 = 1. and L = A+ F x m . Since A is an abelian subalgebra but not a hypo-abelian ideal of L, we
Without loss of generality, we can assume that [x 1 , x 2 , x m ] = x m and that
Using the Jacobi identities
The result (1) follows.
We now prove (2) . If L has a hypo-abelian ideal A with codimension 1, we may assume that
Define the binary Lie product
is a Lie algebra, F x m is contained in the center of L 0 and the subspace A is a It is easy to see that J = F x 5 is the unique maximal abelian ideal. Thus,
and dim L 1 = 1.
Then L has a hypo-abelian ideal of codimension 1. 
Remark 4.1. Burde and Ceballos [20] proved that if L is a Lie algebra with 
(2) If L contains a hypo-abelian ideal with codimension 1 and
Proof. We first study case ( Now we study case (2) . Let A be an (m − 1)-dimensional hypo-abelian ideal of L and 
